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ABSTRACT

Covariant Lyapunov vectors (CLVs) are useful in multiple applications, but the optimal time windows needed to
accurately compute these vectors are yet unclear. To remedy this, we investigate two methods for determining
when to safely terminate the forward and backward transient phases of the CLV computation algorithm by Ginelli
et al. [1] when applied to chaotic orbits of conservative Hamiltonian systems. We perform this investigation for
two prototypical Hamiltonian systems, namely the well-known Hénon-Heiles system of two degrees of freedom
and a system of three nonlinearly coupled harmonic oscillators having three degrees of freedom, finding very
similar results for the two methods and thus recommending the more efficient one. We find that the accuracy
of two- dimensional center subspace computations is significantly reduced when the backward evolution stages
of the algorithm are performed over long time intervals. We explain this observation by examining the tangent
dynamics of the center subspace wherein CLVs tend to align/anti-align, and we propose an adaptation of the
algorithm that improves the accuracy of such computations over long times by preventing this alignment/anti-

alignment of CLVs in the center subspace.

1. Introduction

Lyapunov exponents (LEs) describe the exponential growth rates of
perturbations (the so-called deviation vectors) to a trajectory of a dy-
namical system in various directions of the tangent space. The existence
of these LEs is typically guaranteed by Oseledets’ multiplicative ergodic
theorem [2]. A so-called covariant Lyapunov vector (CLV) is a unit vec-
tor whose growth or decay rate is governed by a single LE when evolved
either forward or backward in time. The CLVs are termed “covariant”
because they evolve consistently with the system’s dynamics: if a set of
CLVs is known at a given point along an orbit, their dynamical evolution
to another point on the same orbit yields the corresponding CLVs at that
new point (up to normalization). Several efficient algorithms for com-
puting CLVs have been developed in recent decades (see e.g. [1,3,4]).
Since the development of such algorithms, CLVs have found a variety of
applications, including the study of so-called hydrodynamic Lyapunov
modes [5-7], bifurcation classification [8], geophysical fluids [9], and
atmospheric models [10-12].

In this paper, we propose a simple method for determining when
to safely stop the transient phases of the CLV algorithm developed by
Ginelli and collaborators (hereafter, the GC algorithm) [1]. As we dis-
cuss in Section 2, this algorithm includes two transient phases: a forward
transient phase where a set of deviation vectors are evolved forward in

* Corresponding author.
E-mail address: haris.skokos@uct.ac.za, haris.skokos@gmail.com (C. Skokos).

https://doi.org/10.1016/j.physd.2026.135237

time until they converge to a particular set of subspaces that form a fil-
tration of the system’s tangent space, and a backward transient phase
where another set of deviation vectors evolved backward in time con-
verge to the CLVs, which form a splitting of the tangent space. The par-
ticular subspaces spanned by these deviation vectors are known to con-
verge to the relevant filtration/splitting subspaces at exponential rates
given by the spectral gaps between LEs [13-15], but we are unaware of
any previous studies that efficiently determine when this convergence
has occurred and hence when the transient phases can be terminated
without loss of accuracy. Without such an empirical approach, a user of
this CLV algorithm might need to guess the appropriate transient lengths
to use, which risks wasting CPU time (if over-estimating the transient
length) or poorly approximating the CLVs (if under-estimating). There-
fore, in this work we propose and motivate a method of indirectly mea-
suring this convergence when applying the GC algorithm to some rep-
resentative Hamiltonian systems of two and three degrees of freedom,
such that the transient phases can be terminated once all the relevant
subspaces are sufficiently close to be considered converged. Further-
more, we propose a minor adaptation of the GC algorithm that improves
the accuracy of the so-called center subspaces when computed over long
time intervals. Our numerical results for this investigation are presented
in Section 3. Finally, our conclusions are given in Section 4 and our rec-
ommendations for users of the GC algorithm are summarized.
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2. Theoretical aspects and numerical methods

In this paper, we focus our attention on continuous time dynamical
systems with time invertible dynamics in order to guarantee the exis-
tence of the so-called Oseledets splitting (see Section 2.1). Considering
such a dynamical system with an N-dimensional (N-D) phase space, we
denote by x a point in this space. A so-called deviation vector w is any el-
ement of the N-D tangent space of the system at x. By interpreting these
deviation vectors as arbitrarily small perturbations to x, we track their
time evolution in order to study the stability properties of the dynamical
system. A deviation vector w is dynamically evolved forward by ¢ units
of time via multiplication with the N x N fundamental matrix M(x,7)
of the system (see e.g. [16]).

2.1. Covariant Lyapunov vectors

Following the presentations of [4,13], we provide here a brief
overview of the theory of CLVs and their computation via the GC al-
gorithm. To assist the reader with the technical definitions that follow,
we provide a simple example of a dynamical system in Appendix A, of-
fering a more concrete illustration of these quantities.

It follows from the multiplicative ergodic theorem [2] that, for al-
most any initial condition x, the limit

1M, Hw]|

AE(w) := lim —In
1=%00 t [Iwil

@

exists for all non-zero deviation vectors w, and furthermore that 1*(w)
takes one of m < N distinct values,

A > Ay > > Ay, (2)

known as LEs. In particular, both forward time and backward time fil-
trations of the tangent space T, M exist, given respectively by
TM=T{(x)DT(x)D> - dDIHx)DIF (%) := {0}, -
TM=T,x DT, (%> >I7(x)DI;x) :={0},

such that A%(w) = 4; if w € [7(x) \ '}, (x), where i = 1, ..., m. Further-
more, a splitting of the tangent space can be constructed:

TM=Q(x) @ LX) & - &Q,x), (€3]

where Q;(x) := Flf’(x) NI (x). The filtration subspaces can be decom-
posed in terms of the splitting subspaces as follows:

7 (x) =Q(x) ® QX)) ® - & Q(x),
l"?'(x) =Q,x)® Q1‘+I(X) e PQ,(x),

[15]. If Q; corresponds to a zero LE A; = 0, then we call Q; the center
subspace. A set of N linearly independent unit vectors that span the
splitting (4) are known as CLVs. Note that if dim Q; = 1, then ; contains
only one CLV, which is unique up to a sign, otherwise any dim €; linearly
independent unit vectors in Q; can be chosen arbitrarily as the CLVs of
Q..
Generically, a randomly chosen subspace G; of T, M satisfying
dim G; = dimT'; will converge exponentially fast to the filtration sub-
space I'; under the forward evolution of the tangent dynamics, i.e.
G, —»T7ast— oo for each i = 1,...,m. As shown in [14,15], these ex-
ponential rates of convergence are given by the spectral gaps 4; — 4,,;.
Furthermore, a generic subspace C; of ' satisfying dim C; = dim Q; will
converge exponentially fast to the splitting subspace Q; under backward
evolution, i.e. C; - Q;ast - —oo foreachi = 1, ..., m. Atleast in the case
when each Q; is 1-D, these exponential convergence rates are A,_; — 4;
[13]. The GC algorithm computes the first kK < N CLVs by taking advan-
tage of this behavior of the tangent dynamics. The four phases of the
algorithm are depicted in Fig. 1 and can be summarized as follows:

(5)

1. Forward transient phase. Initialize a set of k < N random deviation
vectors. Evolve these vectors forward in time until the subspaces G,
they span converge to I'; .
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Fig. 1. Diagram depicting the four phases of the GC algorithm.

2. Forward dynamics phase. Further evolve these deviation vectors
forward in time until the filtration subspaces I';” have been accurately
estimated over a desired time interval.

3. Backward transient phase. Initialize a set of k < N random devia-
tion vectors which span the estimated filtration subspaces I'; . Evolve
these vectors backward in time until the subspaces C; they span con-
verge to Q;.

4. Backward dynamics phase. Further evolve these deviation vectors
backward in time until the splitting subspaces ©; have been accu-
rately estimated over a desired time interval.

Note, however, that our summary of the GC algorithm omits important
implementation details that ensure the numerical stability of the GC
algorithm—such as the repeated orthonormalization of deviation vec-
tors during the forward evolution parts of the algorithm—because such
details are covered extensively elsewhere, see e.g. [13,17,18].

The purpose of the two transient phases of the GC algorithm is to give
the computed subspaces sufficient time to converge to the relevant fil-
tration/splitting subspaces: G; — I'; during the forward transient phase,
and C; - Q; during the backward transient phase. The CLVs are com-
puted between times A’ and B’, indicated in Fig. 1, during which we can
rely on the accuracy of these CLVs. However, if the length of the tran-
sient phases is too short, then the computed subspaces will not have
converged yet, so the accuracy of the computed CLVs will be poor for a
short time after A’ and before B’ while these subspaces are still converg-
ing (which they continue doing as they dynamically evolve). Avoiding
this issue is the motivation behind the methods we introduce later on
in Section 2.2, which ensure that the transient phases for a particular
computation are only terminated once the relevant subspaces have con-
verged.

Since the number m of distinct LEs is not known a priori, numerical
methods for evaluating LEs [16,19,20] typically compute a spectrum of
N possibly non-distinct (or degenerate) LEs,

X1 2 X222 XN (6)

where the value of each distinct LE 4; from (2) appears precisely dim Q;
times in the non-distinct spectrum (6). Since the multiplicity of each LE
in (6) is dim Q;, the number and dimensions of the splitting subspaces €;
is straightforward to determine from knowledge of the degeneracies in
the LE spectrum and their multiplicities. Additionally, the number and
dimensions of the filtration subspaces I'; are easily determined using
(5). Since our numerical investigation focuses on autonomous Hamilto-
nian systems, we note that the non-distinct LE spectrum for such sys-
tems has the following symmetry: y; = —yn_;3; for j=1,..., N. Fur-
thermore, for any differentiable flow on a compact manifold, an orbit
which does not terminate at a fixed point has at least one vanishing LE
[19,21]. Therefore, the middle pair of LEs for an autonomous Hamilto-
nian system is zero, i.e. y, = y,,; =0, where n = N /2 is the number of
degrees of freedom (N is even for such systems).

2.2. Measuring the convergence of subspaces

Following [22,23], we define the distance A € [0, 1] (also called the
aperture [24] or gap [25]) between equidimensional subspaces A and
B as

A[A, B] :=sin0,,,. @
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where 6, € [0,7/2] is the largest principal angle between A and B .
In Appendix B, we include a brief discussion of principal angles, includ-
ing their definition, computation, and two examples of the principal
angles between low-dimensional subspaces. We will use this measure
of distance in order to quantify the level of convergence between vari-
ous subspaces computed via the GC algorithm. For convenience, we also
define the distance A[a, b] between vectors a and b as A[span(a), span(b)].

In our study, we measure the convergence of estimates G; of the
filtration subspaces I'; during the forward transient phase of the GC
algorithm. In order to specify the time interval over which a subspace
G, is computed, we use the notation G;(7',#"’) to denote an estimate of
I'; at time 1" using deviation vectors which are chosen at random at
time ¢ and evolved forward to time ¢’ (¢ > t'). We write G; and G, to
distinguish between two estimates of the same subspace which use dif-
ferent sets of random initial deviation vectors. At the end of the forward
dynamics phase, the backward transient phase begins by evolving back-
ward from that point in time; we parametrize this point in time by 7, = 0,
where 1, is a backward time variable that increases during backward evo-
lution, thus avoiding the inconvenience of working with a decreasing
time variable (such as r) during the backward transient phase. Similarly
to the forward transient phase, we denote an estimate of the splitting
subspace Q; at backward time 7, by C;(t}. 1), which is computed using
deviation vectors initialized at backward time #, and evolved backward
in time to t;’ (t;” > t;). C; and C; are two estimates of the same subspace
using different random sets of initial deviation vectors.

In Sections 2.2.1 and 2.2.2, we introduce two different computa-
tional methods of comparing the convergence rates of subspaces via the
evaluation of their distance A. The direct method measures the conver-
gence between a pre-computed accurate estimate of a desired subspace
and an estimate computed during one of the transient phases of the GC
algorithm, thus directly testing the accuracy of the subspaces computed
during the transient phases. The indirect method, on the other hand,
measures the convergence between two independent estimates of the
same subspace, providing indirect evidence of their convergence to the
desired subspace by their convergence to each other. It is worth men-
tioning that an entirely different numerical method of directly measur-
ing convergence during the transient phases of the GC algorithm was
demonstrated in [15], but we exclude this method from our discussion
since it only measures convergence of the relevant subspaces at a single
point in phase space and involves many more numerical integrations
than the methods we discuss here, so we rather opt for more efficient
alternatives which can be at least in part computed during the transient
phases of the GC algorithm.

2.2.1. The direct method

The first method we discuss begins by pre-computing the filtration
subspaces I'; (i=1,...,m) at time =0 as accurately as possible by
evolving a set of deviation vectors over a very long time interval of
length T,,. For sufficiently long T, , we can assume that G;,(-T,,,0) is
an accurate estimate of I'; at time ¢ = 0 and, by continuing to evolve
this subspace up to some final time T > 0, the subspace G;(-T,,?) ac-
curately estimates I'; over the entire interval ¢ € [0, T]. After this pre-
computation, we begin the forward transient phase of the GC algorithm
at t = 0 by computing a new estimate G; of I'7 over the time interval
t € [0, T]. During the forward transient phase, we also compute the dis-
tance A[G,(~T,,,1),G;(0,1], which directly checks the accuracy of the
subspaces G; by comparing them with their corresponding accurate esti-
mates G; of I'; . This method is represented by the blue arrows in Fig. 2.
This method is similarly applied during the backward transient phase
by computing the backward time ¢, evolution of A[C;(—T,,1,), C;(0,,)],
where the subspaces C;(0,¢,) computed during the transient phase are
compared with the accurate estimates C;(-T, t,) of Q; at backward time
tp

This method directly checks the accuracy of the various subspaces
computed during the transient phases of the GC algorithm. However, it
suffers from one drawback: the length T, must be arbitrarily decided a
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Fig. 2. Diagram depicting the numerical integrations required to implement the
direct and indirect methods discussed in Sections 2.2.1 and 2.2.2 (respectively)
for measuring the convergence between estimates G; and G, of the filtration
subspaces I';” during the forward transient phase of the GC algorithm, but both
methods can also be applied to the backward transient phase. The time T denotes
a time in the future, while —T, denotes a distant time in the past.

priori such that it is long enough to guarantee convergence of the rele-
vant subspaces yet not too long that it becomes infeasible to compute the
accurate subspace estimates over this interval. We therefore introduce
a more efficient and pragmatic approach in Section 2.2.2.

2.2.2. The indirect method

The second method we discuss was introduced in [18], inspired by
the Smaller Alignment Index (SALI) chaos indicator [26-29], which de-
tects chaos by measuring the alignment of two randomly chosen devi-
ation vectors as they dynamically evolve. Unlike the previous method
that directly measures the level of convergence of computed estimates
of the relevant subspaces by comparing them to considered accurate
estimates of those subspaces obtained from the evolution of deviation
vectors for a long transient phase of length T, this method indirectly
measures convergence by comparing two independent estimates of the
same subspaces over the same interval. To do this, we compute two es-
timates G,(0,1) and G,(0, 1) of the filtration subspace I'7 on the interval
t € [0,T] and find their distance A[G;(0,1), G;(0,1)]. The two numerical
integrations required for this method are represented by the red arrows
in Fig. 2. Not only is this method faster than the direct method, but it has
no need for the arbitrary choice of a sufficiently long T,,. Note though
that since the forward transient phase of the GC algorithm only requires
the computation of the estimates G, the additional computations of G,
mean that applying this method will effectively double the CPU time
required for the transient phases of the algorithm.

But is this indirect method reliable? In particular for the forward
transient phase, is it true that if G, and G, have converged up to
some desired threshold that they have both similarly converged to I';?
Since A is a metric [14,15], it obeys the triangle inequality A[G,, G;] <
A[G,;.T'7]+ A[G,.T}], from which we see that if G, and G, are each close
to I'7, then G, and G, must be similarly close to each other. However,
the converse is not always true, since particular deviation vectors can
be contrived such that G; and G, converge to each other at faster rates
than they converge to "7 (see e.g. Section 2.6 of [18]). We nevertheless
expect that such special choices of deviation vectors are extremely un-
likely (forming a probability zero subset of all possible choices) and that
this method is generically reliable for almost all choices of deviation vec-
tors. We provide numerical evidence for the reliability of this method
in Section 3 by comparing it with the direct method and showing that
the results are extremely similar.

2.3. The considered Hamiltonian systems

We present here the two autonomous Hamiltonian systems that we
use to demonstrate and compare the direct and indirect methods pre-
sented in Section 2.2. Choosing an example chaotic orbit for each, we
discuss the degeneracies in the LE spectrum and thus the dimensionality
of the filtration and splitting subspaces to be computed when we apply
the GC algorithm.
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2.3.1. The Hénon-Heiles system

The first system we use in our investigation is the well-known Hénon-
Heiles system [30], which has the Hamiltonian
Hy =3
with x, y being generalized coordinates and p,, p, respectively the con-
jugate momenta. This system has two degrees of freedom and a phase
space of dimension N = 4. We consider a chaotic orbit in our numerical
investigation, so the maximum LE y, (or 4,) is positive. The Hénon-
Heiles system is an autonomous Hamiltonian system with a 4-D phase
space, so its N = 4 non-distinct LEs (6) for a chaotic orbit are given by
11 >0, o =3 =0, and y, = —y, <0. By combining the repeated LEs,
we infer that it has m = 3 distinct LEs (2) given by 4, > 0, 4, =0, and
dy=—4; <O.

Since 4, has a multiplicity of 2 (it appears twice in the non-distinct
LE spectrum), the splitting subspace Q, corresponding to 4, has di-
mension 2, while the remaining splitting subspaces @, and Q; are
each 1-D since they correspond to non-degenerate LEs. Therefore, it
follows from (5) that the dimensions of the filtration subspaces are
dimI'T =1, dimI; =1+2=3, and dimIT =1+2+1=4. The dimen-
sions of the filtration/splitting subspaces inform us of which subspaces
computed from the deviation vectors during the transient phases of
the GC algorithm will converge to the relevant filtration/splitting sub-
spaces. In particular, if we denote the N =4 deviation vectors in the
forward transient phase by g, g,, §;, and g,, then we let G| = span(g,),
G, = span(g,, §,,83), and G5 = span(g,, §,, 83, 8,) so that dim G; = dimT;
for each i = 1,2,3, and hence G; — I ast — 0. For the backward tran-
sient phase, each initial deviation vector ¢; is randomly sampled from
the subspace span({g, },<;) for j = 1,2,3,4; we then define the subspaces
C = span(¢,), C, = span(¢&,,¢&;), and C; = span(&y) so that C; CT'; and
dimC; = dimQ,; for each i = 1,2, 3, and hence C; —» Q; as t, > .

1 1
e+ )+ 507+ + Py = 2, (®)

2.3.2. A Hamiltonian system with three degrees of freedom
The second system we consider in our numerical investigation is an
autonomous Hamiltonian system with three degrees introduced in [31]
that exhibits both regular and chaotic dynamics. The Hamiltonian for
this system is given by
3
Hy= Y 5] +4)+a}(a +43) ©)

i=1

where ; = /i fori = 1,2,3, and ¢; and p, are the respective position and
momentum coordinates. The dimension of this system’s phase space is
N = 6. We consider a chaotic orbit with distinct LEs except for the un-
avoidable middle pair of zero LEs, i.e. y; > y» > 3 =0= x4 > x5 > 6
(with y5 = —y, and x5 = —x;), so it has five distinct LEs 4; > 4, > 43 >
A4 > A5 where A3 = 0 has multiplicity 2 and the rest have a multiplicity
of 1.

Due to the structure of the LE spectrum, the splitting subspaces are
all 1-D, except for Q; which has dimension 2. It follows from (5) that the
filtration subspaces have dimensions dimI'| = 1, dimI’; =2, dim I3 =4,
dimI, =5, and dim r; =6. If we denote the N = 6 deviation vectors
in the forward transient phase by g for j=1,...,6, then we let G, =
span(g,), G, = span(g;, &,), G3 = span(g,, &, 83,8,), etc. so that dimG; =
dimI"; and hence G; - ITast— o for i=1,...,5. For the backward
transient phase, each initial deviation vector ¢; € span({g; },;) for j =
1,...,6, and we define the subspaces C; = span(¢,), C, = span(¢,), C3 =
span(&;, &), C4 = span(¢s), and Cs = span(&) so that C; CT; and dimC; =
dim Q;, and hence C; — Q; under backward evolution.

3. Numerical results

In our investigations, we examine several chaotic orbits in both sys-
tems, but show results for only one representative orbit for each Hamil-
tonian model. We first present our results for the Hénon-Heiles system
(8) and then for the system with three degrees of freedom (9). For our
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numerical integrations, we implement the ABA864 symplectic integra-
tor of order 4 [32], which has been shown to be very efficient [33].
In particular, we use a time step 7 = 0.025 for the Hénon-Heiles system
(8) and 7 = 0.02 for system (9), which we find ensures that the relative
energy error is always less than 10710,

3.1. Results for the Hénon-Heiles system

For our computations, we consider the Hénon-Heiles system with
energy H, = 1/6 and initial condition

(x,y,p,) = (0,0.54,-0.06), (10

where p, >0 is calculated using (8). In order to check that this orbit
is indeed chaotic, we estimate the mLE using the so-called ‘standard
method’ [19,20] (which we implement using the pseudocode presented
in [16]) by computing the finite-time mLE over an interval ¢ € [0, 107],
and we find that y, ~ 0.127. Therefore, the orbit is chaotic and the dis-
cussion in Section 2.3.1 around the LE spectrum and the dimensions of
the filtration/splitting subspaces applies here.

3.1.1. Forward transient phase

We now apply the forward transient phase of the GC algorithm to
initial condition (10) corresponding to a chaotic orbit of the Hénon-
Heiles system and compute the time evolution of estimates of the fil-
tration subspaces rr for i = 1,2,3. For the interval lengths T, and T
described in Fig. 2, we use T,, = 107 and T = 300 time units. The time
evolution of the distance A between independent estimates G; and G,
of I’ computed using the direct and indirect methods are shown in
panels (a) and (b) of Fig. 3, respectively, where we present results for
20 simulations that each use a different set of random initial deviation
vectors. The black dashed lines in Fig. 3 represent an arbitrary small
threshold of A = 10712; when two subspaces come close enough to each
other that the distance A between them crosses below this threshold,
we deem the two subspaces to have converged with each other. We see
from Fig. 3 that for both methods, the distance A between G, and G, de-
creases at an exponential rate for i = 1,2, and the first time at which A
for all relevant subspaces crosses the 1012 threshold lies in the interval
t € [200,270] for each simulation. We note that for i = 3, no convergence
phase is expected because, as discussed in Section 2.3.1, dim ;=4 and
hence dim G; = dim G; = 4, so these subspaces of the 4-D tangent space
must all coincide with the entire tangent space; since no convergence is
required, this explains why A[G;, G;] remains approximately constant
at a value smaller than 10~'5, which is near the computational limit of
double precision used in our numerics.

We observe from Fig. 3 that for each simulation, all relevant pairs
of subspaces converge by some time ¢ € [200,270] once the threshold is
crossed. It is important to note, however, that while the long-time aver-
age convergence rates are related to the gaps in the LE spectrum, these
rates can fluctuate in the short term and result in significantly differ-
ent convergence times for different initial conditions. For example, we
have repeated these simulations for a so-called sticky orbit where all the
relevant subspaces took almost 1000 time units to converge. We there-
fore recommend that the forward transient phase of the GC algorithm
be stopped not at some arbitrarily chosen time T but instead as soon as
the distance A between computed subspaces G; and G; has decreased
below the threshold for every i = 1,2,3 for that particular simulation;
this ensures the accuracy of the computed filtration subspaces for that
simulation while saving CPU time by not using an unnecessarily long
transient phase. We also note that there is no significant difference be-
tween our results for the direct and indirect methods, so we recommend
the simpler and faster indirect method which can be computed entirely
during the forward transient phase of the GC algorithm.

3.1.2. Backward transient phase
After the forward transient phase, we evolve the system further for-
ward in time by approximately 107 time units for the forward dynamics
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Fig. 3. The time evolution of the distance A (7) between estimates of I'; for
i =1,2,3, computed using the (a) direct and (b) indirect methods of Section 2.2
during the forward transient phase of the GC algorithm for a chaotic orbit of
the Hénon-Heiles system (8) with initial condition (10) and H, = 1/6. Each thin
curve represents results obtained for one of 20 sets of random initial deviation
vectors, while the thicker curves represent the average A values in log scale
over these 20 simulations. Note that the thick blue (i = 1) and red (i = 2) curves
practically overlap each other. Both panels are in log-linear scale, and the black
dashed lines represent A = 10712,

phase of the GC algorithm. From this later point in time, we begin the
backward transient phase and apply the direct and indirect methods to
measure the convergence of the splitting subspace estimates. For the di-
rect method, we again use T,, = 107 as the interval length over which
the splitting subspaces are pre-computed. For reasons which will become
clear, we perform the backward transient phase over an unnecessarily
long backward time interval of length T = 107 for 20 simulations that
each use different sets of random initial deviation vectors.

Fig. 4 shows the backward time evolution of the distance A between
estimates C; and C; of Q; for i = 2,3 computed over the first 1000 time
units during the backward transient phase using the direct method in
panel (a) and the indirect method in panel (b). Note that the i = 1 case
is omitted from the figure since C; and C; are both 1-D subspaces of
the 1-D subspace G, (see Section 2.3.1), so these subspaces all coincide
and so the distance A between any pair of them is zero. Now, we see
from both panels of Fig. 4 that at first A decreases at an exponential rate
for both i = 2 and i = 3; however, in Fig. 4(a) for the i = 2 case, we see
that the center subspace estimates C, and C, fail to reliably converge
up to the desired threshold of A = 10~'2 for some simulations during the
time interval shown. It becomes clear that this issue affects both methods
when we zoom out and analyze the entire 107 backward transient phase,
the results for which are plotted in log-log scale in Fig. 5. We see from
Fig. 5(a) for the i =2 case of the direct method that A only decreases
to about 10~!'° and fluctuates around this value for the remainder of the
backward integration, while from Fig. 5(b) for the indirect method we
see that A initially decreases to about 10~'* before increasing linearly
with backward time 7,. This increasing disagreement between two in-
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Fig. 4. The backward time evolution of the distance A between estimates
of Q, for i =2,3, computed using the (a) direct and (b) indirect methods of
Section 2.2 during the first 1000 time units of the backward transient phase of
the GC algorithm for the same orbit used in Fig. 3. Each thin curve represents
results obtained for one of 20 sets of random initial deviation vectors, while the
thicker curves represent the average A values in log scale over these 20 simula-
tions. Both panels are in log-linear scale, and the black dashed lines represent
A=10"12,

dependent estimates of the same subspace using the indirect method
suggests that the application of the GC algorithm to compute this 2-D
center subspace in the Hénon-Heiles system is numerically unstable over
long backward time intervals. It is important to note that this issue is
not merely an artifact of our very long backward transient phase, since
this inaccuracy would also appear and persist during the backward dy-
namics phase.

The poor convergence between estimates of the center subspace ob-
served in Fig. 5 for both methods can be explained by the dynamics
of the center subspace itself. Fig. 6 shows the backward time evolution
of the distance A between linearly independent CLV estimates ¢, and
¢, that span the subspace C,, which converges to the center subspace
Q,. We see from this figure that over long backward times, the distance
between these vectors evolves according to A[¢,, &3] « tb‘l. This obser-
vation suggests that any two estimates of CLVs in the center subspace
computed via the GC algorithm slowly align/anti-align during backward
evolution, an idea which is studied in more detail in [18].

In light of this convergence between center subspace CLVs, we offer
the following explanations for the poor convergence of center subspace
estimates seen in Fig. 5 for each of the two methods:

Direct method. The long-time estimate C,(—107,¢,) of the center sub-
space becomes imprecise over the long 107 interval, during
which the two CLV estimates which span C, become significantly
aligned/anti-aligned, resulting in poor numerical accuracy when
computing C,. Therefore, after an initial exponentially fast decay
of the distance A between C,(~107,¢,) and C,(0, 1,), this distance
then becomes dominated by the inaccuracy of C,(—107,¢,) as an
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dotted line in (b) denotes a function « t,.
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Fig. 6. The backward time evolution of the distance A between the two linearly
independent CLV estimates ¢, and &; in the computed center subspace C,. The
black dotted line denotes a function « #;'. The figure is in log-log scale.

estimate of Q, and hence A saturates to a relatively large value
of around 10~1°,

Indirect method. Since this method compares two estimates C, and C,
initialized at the same point in time and evolved over the same
interval, they converge to each other exponentially fast over a
short time interval as they each converge to Q,. Over long times,
however, the vectors defining these center subspace estimates
align/anti-align significantly, resulting in the same numerical is-
sues discussed for the direct method. Since both C, and C, both
become increasingly inaccurate estimates of Q, as 7, increases,
they have no reason to remain aligned and hence the distance A
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Fig. 7. Similar to Fig. 4, except the GC algorithm has been used with the center
correction, where the CLVs in C, and C, are orthonormalized at each point
during backward integration to create C; and C}, respectively, while C* = C,
and Ct = C, fori # 2.

between the two subspace estimates increases during the back-
ward time evolution.

Having explained the behavior seen in Fig. 5, we now propose a sim-
ple adaptation of the backward evolution part of the GC algorithm that
increases the accuracy of these subspace computations. We propose that,
after each step during backward transient and dynamics phases, sim-
ply orthonormalize the two CLV estimates used to construct the center
subspace estimate (for both C, and C,). These orthonormalized CLVs
maintain the same span as the original CLVs, but those in the center
subspace estimates are prevented from (anti-)aligning, which we have
argued is the cause of the poor accuracy of the center subspace estimates
C, and C,. We refer to this adaptation of the GC algorithm as the center
correction, and we denote these new estimates of the center subspace
by C;- and Cj, respectively. Similarly to Fig. 4, in Fig. 7 we present
the backward time evolution of A over the same interval, except the
center correction is used for each method. For i # 2, we define Cil =C;
and C; = C, but for convenience we nonetheless use this new notation
for all subspaces when using the center correction. While for small ¢,
Figs. 4 and 7 look nearly identical, from around ¢, = 600 in Fig. 7(a) we
see for the i = 2 case that A now reliably crosses the 10~!2 threshold for
all simulations. Similarly to Fig. 5, we show in Fig. 8 the backward time
evolution of A in log-log scale over a 107 interval when using the center
correction; here we see that, regardless of whether the direct or indirect
method is used, A decays to a level near machine precision and remains
there, even for large ,. This demonstrates the effectiveness of the center
correction in improving the accuracy of the center subspace computed
by the GC algorithm. Note, however, that we have only tested the ap-
plicability of the center correction for 2-D center subspaces, which are
common for chaotic orbits of autonomous Hamiltonian systems.

When applying the center correction to the GC algorithm to improve
the accuracy of the center subspace computations, we see from Fig. 7
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Fig. 8. Similar to Fig. 7, except the figure is in log-log scale and the backward
time evolution of A over the entire backward transient interval of 107 is shown
here.

that for all simulations and for both methods, the distance A between
relevant pairs of subspaces decreases below the threshold of 107! by
some backward time ¢, € [580, 800]. Similarly to the forward transient
phase, we recommend that the backward transient phase of the GC al-
gorithm with the center correction be stopped as soon as the distance
A between computed subspaces C;* and C} has decreased below the
threshold for every i = 1,2, 3 for that particular simulation, thus ensur-
ing the accuracy of the computed splitting subspaces while avoiding an
unnecessarily long transient phase. Again, we note that there is no signif-
icant difference between our results for the direct and indirect methods,
so we recommend the simpler and faster indirect method.

3.2. Results for the three degrees of freedom Hamiltonian system

We now extend our numerical investigation of the Hénon-Heiles sys-
tem (see Section 3.1) to the three degree of freedom system (9), yielding
analogous results. For our computations, we use a chaotic orbit with ini-
tial condition

(qi>-p) = (0’ 0-06/0)1‘) a1

for i = 1,2,3. The first two LEs for this orbit were computed in [34]
as y; ~0.03 and y, ~ 0.008, from which the rest of the LEs are eas-
ily inferred due to the LE symmetries for Hamiltonian systems (see
Section 2.1). In particular, the only degeneracy in this LE spectrum is
the middle pair y; = y, = 0, so the discussion in Section 2.3.2 regarding
the various subspace definitions applies here.

3.2.1. Forward transient phase

Similarly to Section 3.1.1, we compute the time evolution of the dis-
tance A between independent estimates G; and G, of I'; for i =1,...,5
during the forward transient phase using the direct and indirect meth-
ods, which we present in Fig. 9 over a time interval of T = 10* time
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Fig. 9. Similar to Fig. 3, but for system (9) with initial condition (11) over a
forward transient phase of length 10*. Note that the thick blue and orange curves
practically overlap each other, and the red and green curves similarly overlap.

units for 20 simulations that each use a different set of random initial
deviation vectors. For the direct method, we again use T,, = 107. We see
from the figure that for i = 1,4 the threshold A = 10~'2 is first reached
for each simulation at some time ¢ € [800, 1100], while for i = 2,3 it is
reached at t € [7800, 8500], regardless of the method used. As soon as
these subspaces have converged for every i = 1,...,5, we recommend
stopping the forward transient phase of the GC algorithm, which would
be at ¢ ~ 8000 for our simulations. Note A for i = 5 is practically zero
over the entire time interval since G5 and G5 coincide with the tan-
gent space. As there is once again no significant difference between our
results for the direct and indirect methods, we reaffirm our earlier rec-
ommendation of using the indirect method for measuring convergence
during the forward transient phase of the GC algorithm, terminating the
phase when the threshold is crossed.

3.2.2. Backward transient phase

Following the same methodology as in Section 3.1.2, once the for-
ward transient phase for system (9) is complete we evolve the system
further forward in time by approximately 107 time units for the forward
dynamics phase of the GC algorithm. From here, we begin the back-
ward transient phase and again use a very long backward time interval
of T = 107 for this phase to expose the poor center subspace convergence
and demonstrate the effectiveness of the center correction. We again use
T, = 107 for the direct method.

The backward time evolution of the distance A between estimates
C; and C; of Q; for i =2,3,4,5 is shown in Figs. 10 and 11 in log-linear
and log-log scales, respectively. We see from these figures that the 2-D
center subspace estimates C; and C; fail to reliably converge (up to the
A = 10712 threshold) over long times for both the direct and indirect
methods. The reason we propose for this poor convergence is the same
as the reason given in Section 3.1.2 for the Hénon-Heiles system: the two
CLV estimates in each of the center subspace estimates align/anti-align
during backward evolution, resulting in increasingly poor numerical
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estimates of the center subspace. This issue is once again fixed when us-
ing the center correction, the results for which are shown in Figs. 12 and
13, where we see that the center subspace estimates converge reliably
for all simulations over the entire time interval computed, and we see
no significant difference between our results for the direct and indirect
methods. These results for system (9) provide some evidence that the
indirect method for measuring convergence and the center correction
adaptation of the GC algorithm apply more generally to autonomous
Hamiltonian systems.

4. Summary and conclusions

After briefly reviewing the relevant theory of CLVs and discussing
their computation via the GC algorithm, we used the distance A (7)
to measure the convergence between relevant subspaces in both the
Hénon-Heiles system (8) and a Hamiltonian system with three degrees
of freedom (9). We proposed two methods, a direct one and an indirect
one, for determining the level of convergence between relevant sub-
spaces during the transient phases of the GC algorithm, and we found
the time evolution of A to be very similar for both methods during the
forward transient phase. For the backward transient phase, however, we
noticed that the accuracy of the computed 2-D center subspace is poor,
particularly when computed over long times intervals. By proposing a
small adaptation of the GC algorithm, which we call the center correc-
tion, we improved the accuracy and stability of the algorithm when used
to compute this subspace. With the center correction, we found that the
two methods again produced practically the same results. As a matter
of pragmatism, we recommended the indirect method as an efficient
means of checking the convergence of the relevant subspaces computed
using the GC algorithm since it requires less CPU time to compute than
the direct method, which requires a costly pre-computation.

The main advisory outcomes of this work are therefore summarized
as follows:

When to stop the transient phases of the GC algorithm.

When computing the forward transient phase of the GC algo-
rithm, initialize two sets of deviation vectors which define the
subspaces G; and Gi for i =1,...,m, where m is the number of
distinct LEs in the spectrum (2). Evolve both sets of deviation
vectors independently according to the GC algorithm while fre-
quently computing the distance A between each corresponding
pair of subspaces G, and G,. As soon as A decreases below some
small threshold (e.g. 10~'2) for every pair of subspaces, then the
subspaces G, and G, have converged to each other, so we can as-
sume that G; has converged to I';” and thus stop the forward tran-
sient phase. The backward transient phase is completely analo-
gous: initialize two sets of deviation vectors C; and C,, evolve
both sets of vectors independently according to the GC algorithm,
then stop the backward transient phase once A[C;, C;] decreases
below the chosen threshold foralli =1,...,m.

How to accurately compute the 2-D center subspace.

In order to accurately compute the 2-D center subspace over long
intervals of time, we advise using the center correction adap-
tation of the GC algorithm: during any backward integration
(including both the backward transient and backward dynam-
ics phases), regularly orthonormalize the two middle deviation
vectors which lie in the center subspace estimate to prevent their
(anti-)alignment and thus maintain the accuracy of the estimated
2-D center subspace which they span.

We hope that these proposed augmentations to the GC algorithm
will assist researchers in their CLV computations by determining when
to end the transient phases and improving the accuracy of their center
subspace computations. Although we have presented numerical results
exclusively for autonomous Hamiltonian systems, there is no apparent
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reason why the proposed methods for terminating the transient phases
of the GC algorithm could not be extended to more general settings,
such as dissipative systems. Verifying this extension would constitute a
valuable direction for future work.
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Appendix A. A toy model for understanding CLVs

In order to supplement the necessarily technical discussion on CLVs
and the related subspaces given in Section 2.1, we provide here an ex-
ample of a simple dynamical system with a tangent space of R? wherein
these quantities can be easily understood and visualized. Note that this
example is not a Hamiltonian system, so we only explore it here for
pedagogical purposes.

Consider the system with equations of motion x; = 4;x;, where i =
1,2,3and 4; > 4, > A; > 0. The variational equations are thus w; = 4;w;,
which have solutions w;(r) = w;(0) exp(4;?), and thus the LEs are sim-
ply 4. For a generic deviation vector w(r) = Z?:] w;(1)é;, the &, com-
ponent dominates the others for large ¢, so ||w(?)|| ~ exp(4;1) as t > oo
when w, is non-zero. However, in the special case where w; =0 and
w, # 0, this exponential growth rate would instead be 4,, and if only w;
is non-zero, then that rate would be 4;. By making the following sub-
space definitions, we can formalize the classification of deviation vectors
by their asymptotic growth rates: I'} = span(é;,&,,&;), I'; = span(&,, &;),
[} = span(8;), and Ty = {0}. From these subspace definitions, which
form a filtration (3) of the tangent space, it follows that if w e I' \ T/ |
then A*(w) = 4;,, where i = 1,2,3 and A*(w) is the exponential growth
rate of ||w(?)|| as t — oo, see (1).

Considering now the tangent dynamics as t — —oo, the asymptotic
exponential growth rates A; of the deviation vector components w;(r)
become decay rates under time reversal. Therefore, ||w(?)|| ~ exp(457) as
t - —oo if w; # 0 since the &; component of w(r) dominates the others,
but if w; = 0 and w, # 0 then the rate of decay is governed by 4,, and
if w, is the only non-zero component then the rate is 4,. Formally: if
werl, \I“,:1 then A~(w) = 4;, where A~ is given in (1) and we define
the subspacesT'; in this case as Iy ={0}I7 = span(&,), I, = span(&,, &,),
and ;= span(€;, &,, &), which forms another filtration (3) of the tan-
gent space.
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Finally, a splitting (4) of the tangent space is constructed by in-
tersecting pairs of filtration subspaces: Q; =I'f NI';. In our example,
Q, = span(é,), Q, = span(¢,), and Q; = span(é;). Under the evolution of
the tangent dynamics, any deviation vector in Q; will grow exponen-
tially at a rate of A; as 1 > oo, while as 7 - —co it will decay at an ex-
ponential rate of the same LE ;. The CLVs are any set of N linearly
independent covariant unit vectors from the splitting subspaces Q;. In
this case, since each Q; is 1-D, we can uniquely (up to signs) choose our
three CLVs as follows: &, &,, and &;.

Appendix B. Principal angles

Since our definition of distance A between linear subspaces given
in (7) depends on the notion of principal angles, we give here a brief
overview of the subject. Following the definitions given in [22,35], let U

and V be linear subspaces of some real inner product space that satisfy
dimU >dimV =¢q > 1. (B.1)

The principal angles 6, ...,0, € [0, 7/2] between U and V are defined

recursively for k = 1,...,q by

cos(0y) = r&a{)f( rvnea&( @-v)y=1,-v, (B.2)
subject to

la=191=1, a-&=9-9,=0, i=1,....k—-1, (B.3)

where the unit vectors @; and ¥; are known as the principal vectors be-
tween U and V. Note that while the principal vectors are not uniquely
defined, the principal angles are. The principal angles satisfy 6, < --- <
6,, where the smallest principal angle 6, has a simple interpretation:
it is the minimum/smallest angle between any pair of non-zero vectors
ue U and v € V. The largest principal angle 6, := 0, is zero if and
only if U =V, thus motivating its role in our measure of distance A
between two equidimensional subspaces defined in (7).

We give two simple examples here where U # V are equidimensional
subspaces of R3. If the subspaces are 1-D, then there is only one principal
angle between U and V, as depicted in Fig. B.14(a). If the subspaces are
2-D, as shown in Fig. B.14(b), then there are two principal angles: 8, = 0,
which vanishes due to the non-trivial intersection between U and V, and
6, > 0, which does not vanish because U # V.

Various algorithms exist for the computation of principal angles. Two
such algorithms using singular value decomposition were proposed in
[35]. However, when computing some principal angle 6,, both algo-
rithms suffer a significant loss of accuracy when 6, is near a certain
value: for the one algorithm, this occurs when 6, ~ 0, while for the other,
it occurs when 6, ~ /2. These two algorithms were later combined into
a hybrid algorithm [36] that avoids this issue by ensuring that the more
accurate of the two computations is used for all values of 6, € [0, z/2].
We use this hybrid algorithm, as implemented in the SciPy package [37],
for all our computations in this paper involving principal angles.

Fig. B.14. An illustration of the principal angles and corresponding vectors
(black) between the subspaces U (blue) and V (red) in R?, for the cases where
both subspaces are (a) 1-D and (b) 2-D.
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