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In this paper, we analyze the influence of asymmetry on a Caldera potential energy surface.
We first study the effect of asymmetry on the structure of the periodic orbit dividing surfaces
associated with the unstable periodic orbits of the higher energy index-1 saddles. Then we detect
a new type of dynamical matching due to the influence of the asymmetry in the Caldera potential
energy surface. Finally, we present the phase space mechanism for this new type of dynamical

matching using Lagrangian Descriptors.
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1. Introduction

The Caldera-type potential energy surfaces (PES)
have been used to describe many organic chemi-
cal reactions, such as the vinylcyclopropane-cyclo-
pentene rearrangement ldschmi ramim

11988; Baldwin, 2003], the stereomutation of cyclo—
propane |Doubleday et all, |_9_9_ﬂ the degenerate

rearrangement of bicyclo [3.1.0]hex-2-ene [Double-

day et al., ; [Doubleday et all |2M)ﬂ or 5-
methyleneblcyclo[Q.l.O pentane [Reyes et alJ, |2m .

This type of PES is characterized by a central min-

imum and four index-1 saddles (two with high val-
ues of energy and two with lower values of energy)
that control the transport of the trajectories from
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the outer region of the Caldera to the central area
or vice-versa (see |[Carpenter, 1985; [Collins et all,
M] The higher energy index-1 saddles are associ-
ated with the reactants, and the lower energy index-
1 saddles with the products. Similar PES have also
been used in dynamical astronomy [Athanassoula
et al.,2009].

Until now, all studies concerning the dynamics
associated with Caldera-type PES have been car-
ried out with symmetric Caldera PES. These stud-
ies have revealed a dynamical phenomenon that
has come to be realized of significant importance
in organic chemical reactions, termed “dynamical
matching” (see [Collins et all. 2014; Katsanikas &
Wiggins, [2018]). This phenomenon is based on
the fact that all trajectories that have initial con-
ditions on the dividing surface of the unstable
periodic orbits associated with the higher energy
index-1 saddles (where index-1 means there is one
positive eigenvalue of the Hessian matrix at this
point) evolve straight across the Caldera and exit
through the region of the opposite lower energy
index-1 saddle. This happens for both higher energy
index-1 saddles because of the symmetry of the
PES. In terms of a phase space description, this
phenomenon is due to the gap between the unstable
invariant manifolds of the unstable periodic orbit
of the higher energy index-1 saddles and the stable
invariant manifolds of the unstable periodic orbits
that are in the central area of the Caldera (see

%&M@gﬁﬂ, 2018; Katsanikas et al,
). An extension of this phenomenon

to 3D Caldera PES has been studied recently (see

[Katsanikas & Wiggind, 2022]) using generalized

periodic_orbit dividing surfaces (see [Katsanikas &
Wiggins, 2021a, 20211h]).

It has been reported that dynamical matching
is broken in symmetric Caldera PES in two cases.
These cases are:

(1) If the PES is symmetrically stretched in one
coordinate direction (see [Katsanikas & Wig-
gins, 12019; Katsanikas et all, 2020a, 2020H)). In
this case, the unstable invariant manifolds of
the unstable periodic orbit associated with the
higher energy index-1 saddle interact with the
stable invariant manifolds of the unstable peri-
odic orbits that exist in the central region of the
Caldera, after a critical value of the stretching

parameter (see |Katsanikas & Wiggind, 2019;
, 120204, 2020b])

K nik:

(2) If the critical points of the PES undergo a pitch-
fork bifurcation, as described in NG;j;_zn_giul_%l,
]. In this case, we have a transi-

tion from a potential with the central minimum

and four index-1 saddles to a potential with
three index-1 saddles (two high energy index-1
saddles and one lower energy index-1 saddle).

Dynamical matching is broken as a result of the

heteroclinic intersections of the unstable invari-

ant manifolds of the unstable periodic orbits of
the higher energy index-1 saddles with the sta-
ble invariant manifolds of the unstable periodic
orbits of the lower energy index-1 saddle (for
details on this transport mechanism see [Kat-

sanikas et al., 2022H)]).

In this paper, we will investigate the influence
of the asymmetry for a Caldera PES. We will inves-
tigate possible changes to the dynamical behavior
of the trajectories that have initial conditions on
the periodic orbit dividing surfaces of the unstable
periodic orbits of the higher energy index-1 saddles.
Furthermore, we want to search for possible dif-
ferent types of dynamical matching than what has
been observed for the symmetric Caldera PES.

The paper is organized as follows. We describe
the model of the asymmetric case of the Caldera
potential energy surface in Sec. 2l Then we present
the results and our conclusions in Secs. Bl and [E
respectively.

2. Model

The model that we consider is an asymmetric mod-
ification of the symmetric Caldera PES introduced

n [Collins et all, 12014]:

Vi(x,y) = c1r? + ey — cgr cos(46)

= c1(2? + %) + ey
—c3(xt +y* — 62%y?), (1)

where (x,y), (r,0) are the position of a test particle
in the potential in cartesian and polar coordinates,
respectively. We used in our study the same values
for the parameters ¢ = 5, cy = 3 c3 = —0.3 as in
prior works , 12018, 2019].

In our model we break the symmetry of the
potential by adding a term as demonstrated in the
following equation:

V(x,y) -

‘/é(xvy) + cax. (2)
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For the parameter ¢4, we used the value ¢4 =
2.5. This form of Caldera (one central minimum
with two upper index-1 saddles to correspond to
high values of energy and two lower index-1 sad-
dles to correspond to lower values of energy) is
kept for a range of ¢4 from 0 to 3. We choose a
large value of this parameter in order to investigate
clearly the influence of asymmetry. The correspond-
ing Hamiltonian (to which we also refer as the sys-
tem’s energy F) is:

p?

P
H(xvyvpxapy) = + y + V(l’ y) (3)
where p, is the conjugate momentum correspond-
ing to x and p, is the conjugate momentum cor-
responding to y, with m = 1. Consequently, the
Hamiltonian equations of motion are the following:

_OH
T = 8]73; _p$7

. OH

Yy = 8py = Py

e =~ ()
Pz = O z,y (4)

= —(2c1@ — desa® + 12c3xy® + cq),

@

Fig. 1. The contours of the asymmetric Caldera poten-
tial (@) with parameters ¢c; = 5,¢c0 = 3,c3 = —0.3,¢c4 = 2.5.
We depict the positions of the five equilibrium points (one
central minimum and four index-1 saddles around it) using
red points.

The Influence of Asymmetry in a Caldera Model

Table 1. Stationary points of the asymmetric Caldera
potential @) for ¢; = 0.4, co = 3, ¢3 = —0.3 and ¢4 = 2.5.

Critical Point T y E

Central Minimum (CM) —0.256  —0.304 —0.77
Upper Right Saddle (URS) 2.173 2.161 32.41
Upper Left Saddle (ULS) —2.125 1.989 21.67
Lower Right Saddle (LRS) 1.963 —2.101 19.63
Lower Left Saddle (LLS) —1.880 —1.894 10.01

This PES has a central minimum and four
index-1 saddles around it (as we can see in Fig. []),
as for the symmetric case of the Caldera PES that
was used in [Katsanikas & Wiggins, 2018, 2019],
with the only difference that there is no symme-
try with respect to the y-axis. The positions of the
equilibrium points and the corresponding values of
energy are given in Table[Il

3. Numerical Results

In this section, we present our results on the inves-
tigation of the influence of asymmetry in a Caldera
PES following the discussion above. Firstly, we com-
puted the periodic orbit dividing surfaces associ-
ated with the unstable periodic orbits of the higher
energy saddles for a value of energy £ = 36. For
this value of energy there are unstable periodic
orbits associated with both higher energy index-1
saddle points. The geometric structure of these sur-
faces and the difference between the periodic orbit
dividing surface associated with the unstable peri-
odic orbit of the right higher energy saddle and the
periodic orbit dividing surface associated with the
unstable periodic orbit of the left higher energy sad-
dle is analyzed in Sec. Bl Next we study the trajec-
tory behavior associated with these surfaces in order
to investigate the phenomenon of dynamical match-
ing (see Sec.B.2)). The phase space mechanism that
is responsible for the trajectory behavior is scruti-
nized using the method of Lagrangian Descriptors

(LDs) (see Sec. B2).

3.1. Periodic orbit dividing surfaces

In this subsection, we will describe the influence of
asymmetry on the structure of the periodic orbit
dividing surfaces associated with the unstable peri-
odic orbits of the upper saddles for F = 36.
The periodic orbit dividing surfaces are (2n — 2)-
dimensional phase space objects in a Hamiltonian
system with n degrees of freedom. These surfaces

2230030-3
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satisfy the (locally) no-recrossing property and min-
imum flux. The periodic orbit dividing surfaces are
important in the Transition State Theory (TST)
[Wigner, [1938; Waalkens et all, [2007]. TST has
many applications in chemical reaction dynamics
Wigner, 1938; Waalkens et al!, 2007] and dynami-
cal astronomy M, ]. The periodic orbit
dividing surfaces can be constructed in Hamilto-
nian systems with two degrees of freedom using
the algorithm of ﬂPechukas & McLaffertyl, 1973;
Pechukas & Pollak, [1977; [Pollak & Pechukas, [1978;
Pechukas & Pollak, 1979; [Pollak, [1985]. The bifur-
cations of these surfaces have been studied recently
in [Katsanikas et all, 2021, 2022a]. A generalization
of the periodic orbit dividing surfaces in Hamilto-
nian systems with three or more degrees of freedom
is given recently by [Katsanikas & Wie‘qinsl, 2021a,
2021b,12022]. In this paper, we used the algorithm of

,[1973; [Pechukas & Pollak,
1977; [Pollak & Pechukas, [1978; [Pechikas & Pollak,
1979; [Pollak, [1985] for Hamiltonian systems with
two degrees of freedom as described in [Waalkens
et al., 12004; [Ezra_& Wiggind, 2018; Haigh et _all,
2021]:

(1) We compute an unstable periodic orbit.

(2) We project the periodic orbit into the (z,y)
subspace (configuration space) of the phase
space.

(3) This projection of the periodic orbit is dis-
cretized into N points (z;,y;) fori =1,..., N
(N is the desired number of points). These
points are spaced uniformly according to dis-
tance along the periodic orbit. In this paper,
we used N = 1000.

(4) For every point (x;,y;) we compute the pgmax,i
by solving:

P

H(xia Yis Pz O) — m

+ V(@i, yi). (5)
This equation has solutions if and only if £ —
V(zi,y;) > 0. If this is true, then the equation
has two solutions £pg max,i(for E — V(z;,y;) >
0) and one solution p,; = 0 (for E—V (z;,y;) =
0 — this case is very rare and we have only one
value for p,).

(5) We choose points in the range —pymax;i <
Pz < Prmax,i for i =1,..., K. We obtain p, by
solving the equation H(z;,Yi, Pzy,py) = E. In

this paper, we used K = 9 for the computations

in Sec. 3.2 that corresponds to 16000 points.

In this section, we needed more points on the
dividing surfaces to analyze their topology in
the phase space. For this reason, we used K =
41, which corresponds to 80000 points.

The periodic orbits are the skeletons of these
surfaces and they form the 1D boundary of these
surfaces. The two upper index-1 saddles have a
pair of eigenvalues on the real axis and one pair of
eigenvalues on the imaginary axis. This means that

the Lyapunov subcenter theorem [Weinstein, 1973;
Moser, [1976; Rabinowitz, 1982] guarantees the exis-

tence of at least one family of periodic orbits for
every index-1 saddle. Every family exists for val-
ues of energy above the energy of the corresponding
index-1 saddle.

The family of periodic orbits of the upper left
index-1 saddle exists for energies above E = 21.67
and the family of periodic orbits of the upper right
index-1 saddle exists for energies above E = 32.41.
In the symmetric case of the Caldera PES all fam-
ilies of the upper saddles start to exist above the
same value of energy. The first effect of the asym-
metry on the Caldera potential energy is that the
two families of the upper saddle start from differ-
ent values of energy. Furthermore, we see that the
characteristic curve (the curve that represents the
evolution of the initial condition in one direction, in
our study the x-direction, in the Poincaré section
y = 2,py > 0 as the energy of the system varies) of
the family of periodic orbits of the upper left sad-
dle (ULS) is decreasing (with negative values in the
a-direction), as we can see in Fig. Pla). On the con-
trary, the characteristic curve of the family of the
periodic orbits of the upper right saddle (URS) is
increasing (with positive values in the z-direction),
as we can see in Fig. 2(b).

The second effect of the asymmetry on the
Caldera PES is that the evolution of the stability
of the family of the ULS is different from that of
the family of the URS. This does not happen for
the symmetric case of the Caldera PES. We see in
Fig. Bl that the Hénon stability parameter o (see
for example, the Appendix of [Katsanikas & Wig-
gins, 2018] and references therein for more infor-
mation) of the family of the ULS increases with a
very slightly larger slope than that of the family of
the URS. Despite this fact, the family of the URS
is more unstable due to the consistently larger o
values.

Another influence of the asymmetry on the
Caldera potential energy surface is the difference in
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Fig. 2. These diagrams (characteristic diagrams) give the evolution of the z-coordinate on the Poincaré section y = 2 with
py > 0 of the families of periodic orbits of (a) upper left saddle and (b) upper right saddle versus energy.

the spatial extent, or range of the periodic orbits.
This does not occur for the symmetric case of the
Caldera PES. As we can see in Fig. @l the periodic
orbits (for £ = 36) of the two families of periodic
orbits of the upper saddles have the same morphol-
ogy but they have different ranges in the z, y, p,
and p, directions. We observe that these periodic
orbits are curves in the configuration space. The
curve that corresponds to the family of the ULS
is longer than that of the family of the URS. The
range of the periodic orbit of the family of the ULS
is in [—1.65, —2.84] and [1.57,2.69] in the 2- and y-
directions, respectively. The range of the periodic
orbit of the family of the URS is in [1.92,2.49] and
[1.91,2.47] in the 2- and y-directions, respectively.
This means that the periodic orbit dividing surface

60
401 ]
3
20
OFSSoooooooooooISoIIIoIoCICIIIICIIS
25 30 35 40
E
(a)

associated with the ULS has larger range in the
- and y-directions than that of the periodic orbit
dividing surfaces of the unstable periodic orbits of
the URS. This happens because the range of x and
y values of a periodic orbit dividing surface is iden-
tical with that of the periodic orbit. Furthermore,
the periodic orbits of the families of the upper sad-
dles are ellipses in (z,p,) and (y,p,) subspaces of
the phase space. The green ellipses in Fig. [, that
correspond to the periodic orbit of the URS, are
smaller than those that correspond to the periodic
orbit of the ULS.

The periodic orbit dividing surfaces associated
with the unstable periodic orbit of the upper sad-
dles are ellipsoids in the (x,p;,py) and (y,pz,py)
subspaces of the phase space (see for example,

60

401

20

(b)

Fig. 3. These diagrams (stability diagrams) give the evolution of the Hénon stability parameter, on the Poincaré section
y = 2 with py > 0 of the members of the families of periodic orbits of (a) the upper left saddle and (b) the upper right saddle.
The two dashed black lines in each panel represent the axes &« = 1 and o« = —1 that distinguish the stability from instability

(see text for more details).
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Fig. 4. The representation of the periodic orbits of the upper left saddle (with red color) and of the upper right saddle (with
green color) in the (z,y), (z,pz) and (y, py) projections for values of energy E = 36.

Fig. B). In addition, these periodic orbit dividing
surfaces are presented as filamentary structures in
the (z,y,p;) and (z,y,p,) subspaces of the phase
space (see for example, Fig. [f). The periodic orbit
dividing surfaces associated with the unstable peri-
odic orbits of the ULS have larger range in the p,-
and p,-directions than that of the periodic orbit
dividing surfaces of the unstable periodic orbits of
the URS (see (z,p,) and (y,p,) projections of the
periodic orbit dividing surfaces in Fig. [[). In par-
ticular, the range of the periodic orbit dividing sur-
face associated with the ULS has a range in the
Pz~ and py-directions of [—5.4,5.4] and [—5.4,5.4],
respectively. The ranges of the periodic orbit divid-
ing surface associated with the URS in the p,-
and py-directions are [—2.68,2.68] and [—2.68,2.68],
respectively.

As we described above, the periodic orbit divid-
ing surfaces associated with the unstable periodic
orbits of the upper index-1 saddles have similar
morphology to each other but different ranges in
all coordinates of the phase space. This does not

o
ShNONEG

Fig. 5. The 3D projection (z,pz,py) of the periodic orbit
dividing surfaces associated with the upper left saddle (with
red color) for the energy value E = 36.

happen in the symmetric case of the Caldera PES.
Consequently, the trajectories with initial condi-
tions on the dividing surface with the larger range
(the periodic orbit dividing surface associated with
the ULS) have a greater probability to visit larger
regions of the phase space than the trajectories with
initial conditions on the other dividing surface (the

I
SR ON B O

v
kS
ahmONAO

Fig. 6. The 3D projection (z,y,py) [using different view-
points in (a) and (b)] of the periodic orbit dividing surface
associated with the upper left saddle for the energy value
E = 36.
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Fig. 7. The 2D projections (z,pz) [for (a)] and (y,py) [for (b)] of the periodic orbit dividing surfaces associated with the
upper left saddle (with red color) and the upper right saddle (with green color) for the energy value E = 36.

periodic orbit dividing surface associated with the
URS).

3.2. Dynamaical matching

In this subsection, we will investigate the trajectory
behavior associated with the periodic orbit dividing
surfaces of the unstable periodic orbit of the upper
saddles for £ = 36, and analyze the origin of this
behavior associated with the dynamical matching
phenomenon using the results of the previous sub-
section and the method of LDs (see |[Ag
2019; |Agaoglou et al, [2Q2d and references therem)
For this purpose, we take a sampling of 16 000 initial
conditions using the algorithm that was described in
the previous subsection from every periodic dividing
surface associated with the unstable periodic orbits
of the upper saddles and we integrated them for-
ward and backward in time. The trajectories with
initial conditions on both periodic orbit dividing
surfaces exhibit two types of behavior:

(1) The trajectories escape directly to infinity (non-
reacting trajectories) and they have no possibil-
ity to participate in the reaction as they evolve
away from the two lower saddles.

(2) The trajectories evolve to the internal region
of the Caldera (reacting trajectories) and they
may go through the region of one of the
lower saddles, which corresponds to chemical
reaction.

Now, we see in Fig. B(b) that all the reacting
trajectories, with initial conditions on the periodic
orbit dividing surface associated with the unstable
periodic orbit of the URS, evolve straight across the

Caldera and exit through the region of the opposite
lower saddle. This is the phenomenon of dynamical
matching for the URS. On the contrary, the react-
ing trajectories with initial conditions on the peri-
odic dividing surface associated with the unstable
periodic orbit of the ULS, are trapped in the cen-
tral area of the Caldera and they exit through the
region of both lower saddles [see Fig. §(a)]. Hence,
dynamical matching is broken for the ULS. This is
a new type of dynamical matching that does not
exist for the symmetric cases of a Caldera PES. As
we described above, the dynamical matching exists
only for the trajectories that have initial conditions
on the periodic orbit dividing surfaces associated
with one upper saddle and not for both of them.

In order to investigate the origin of this break-
ing of dynamical matching in the asymmetric case
of Caldera PES, we will use the method of LDs.
We have already used this method for analyzing the
2D symmetric Caldera PES (see [Katsanikas et all,
M] — the reader can find details in these
references concerning the computation of LDs in a
Caldera-type potential).

In Fig. @ we depict the stable and unstable
invariant manifolds using LDs in the Poincaré sec-
tion y = 2 with p, > 0 for & = 36. We used this
section in order to guarantee the existence of the
invariant manifolds of the unstable periodic orbits
associated with the upper saddles (the section y = 2
is between the y coordinates of the two upper sad-
dles) and their interaction with the invariant man-
ifolds of the central area. We observe in Fig. [
that we do not have any interaction of the invariant
manifolds that are on the right side of the figure
(the region of the unstable periodic orbits of the

2230030-7
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@

Fig. 8. The trajectories in the configuration space (z,y) with initial conditions on the periodic orbit dividing surfaces
associated with the left saddle [with red color — (a)] and the right saddle [with green color — (b)] for the energy value

E = 36.

URS) with the central area. This means that the
invariant manifolds of the unstable periodic orbits
of the URS have no heteroclinic intersection with
the invariant manifolds of the central area. Conse-
quently, the invariant manifolds transfer the trajec-
tories far away from the central area of the Caldera.
It is for this reason that if we take an initial con-
dition close to the region of the unstable periodic
orbit of the URS (like the green point in Fig. [),
we have a trajectory that corresponds to dynamical
matching [Fig. [0(a)]. This explains the behavior of

Fig. 9. The stable (blue) and unstable (red) invariant man-
ifolds are extracted (in the 2D slice y = 2 with py > 0) from
the gradient of the LDs using 7 = 4 for the integration time,
for the energy value E = 36. We also depict two different ini-
tial conditions of trajectories using black and green points,
which are depicted in Fig.

the trajectories with initial conditions on the divid-
ing surfaces associated with the unstable periodic
orbits of the URS [that was described above, illus-
trated in Fig. B(b)].

We see in Fig. [0 that we have the interaction
of the invariant manifolds that emanate from the
left side (the region of the unstable periodic orbit
of the ULS) with the invariant manifolds that exist
in the central area. In particular, we see a black
point inside lobes that are formed by the unstable
invariant manifolds of the unstable periodic orbit
associated with the ULS and the stable invariant
manifolds that exist in the central area. This is
confirmed by integrating the initial condition cor-
responding to the black point forward and back-
ward in time [see Fig. [[0(b)]. We see that the tra-
jectory moves to the region of the ULS, backward
in time and moves to the central area (where it is
trapped for some time) forward in time. This means
that the lobe is between heteroclinic intersections
of the unstable invariant manifolds of the unsta-
ble periodic orbits associated with the ULS and the
stable invariant manifolds of the central area. This
explains the trapping of the trajectories with initial
conditions in the region of the ULS. The trajecto-
ries initially follow the unstable invariant manifolds
of the unstable periodic orbits of the ULS saddle
and are trapped in lobes between heteroclinic inter-
sections of these manifolds with the stable invari-
ant manifolds of the central area. Consequently,
the trajectories are guided (through these lobes) by
the stable invariant manifolds to the central area
[see Fig. [I0(b)]. Then, according to the second part

2230030-8
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Fig. 10. (a) The forward (blue color) and backward in time (yellow color) evolution in the configuration space (z,y) of the
trajectory denoted by a green point in Fig.[@ (b) Similar to (a) but for the trajectory denoted by a black point in Fig. @ In
both panels, red curves depict the boundary of the energetically forbidden region.

of the mechanism of transport that was described
in [Katsanikas et all, 21!22b|], the trajectories are
guided from the unstable invariant manifolds of the
central area far away from the neighborhood of the
unstable periodic orbits of this area and eventually
to the exits of the Caldera [like the trajectory of
Fig. [[0(b)]. As we explained in this paragraph, the
interaction of the unstable invariant manifolds of
the unstable periodic orbits of the ULS with the
central area is responsible for the behavior of the
trajectories with initial condition on the dividing
surfaces of the unstable periodic orbits of the ULS
as described above, and demonstrated in Fig. §(a).

4. Conclusions

In this paper, we studied the influence of asymmetry
on the dynamics associated with a Caldera PES.
Our conclusions can be summarized as follows:

(1) One family of periodic orbits associated with
the upper index-1 saddles begins to exist for
lower values of energy than the other. In addi-
tion, the evolution of the stability of the families
of unstable periodic orbits associated with the
upper index-1 saddle is different for each family.

(2) The periodic orbit dividing surfaces associated
with the unstable periodic orbits of the upper
saddles have similar morphology to each other,
but different ranges in all coordinates of the
phase space. This is very important because

the trajectories on the periodic orbit dividing
surface with the larger range (for a fixed value
of energy) can visit larger regions of the phase
space.

(3) We detected for the first time a different type
of dynamical matching that does not exist in
the symmetric cases of Caldera PES. The tra-
jectories with initial conditions on the periodic
orbit dividing surfaces of the unstable periodic
orbits associated with one upper saddle display
a typical behavior of trajectories correspond-
ing to the phenomenon of dynamical matching.
On the other hand, we observe the nonexis-
tence of dynamical matching for the trajec-
tories with initial conditions on the periodic
orbit dividing surfaces of the unstable periodic
orbits associated with the other upper saddle.
This is because of the existence or nonexistence
of heteroclinic intersections between the unsta-
ble invariant manifolds of the unstable periodic
orbits of the upper saddles and the stable invari-
ant manifolds of the unstable periodic orbits of
the central area of the Caldera.
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